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The addition of minute amounts of a flexible polymer to two-dimensional turbulence produced in fast-
flowing soap films affects large scales and small scales differently. For large scales, the inverse transfers of
energy are suppressed. For small scales, where mean quantities are barely affected, the enstrophy flux fluctua-
tions are significantly reduced, making the flow less chaotic.
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I. INTRODUCTION

The effects of polymers, even at very low concentrations,
on flows at both low and high Reynolds numbers can be
significant [1]. Such effects can be used for practical pur-
poses such as mixing or reduction of drag and for fundamen-
tal reasons such as the interaction of flow, a turbulent flow,
say, with the different degrees of freedom of such complex
molecules. At rest, these molecules are coiled up into very
small balls, while under flow, they may stretch considerably.
This interaction may end up giving clues to the problem of
turbulence itself. Recent experiments, simulations, and
theory in two dimensions are bringing in new information as
to how this interaction works and what its consequences are
[2–5]. The two-dimensional situation is simple relative to its
three-dimensional counterpart, mainly due to the absence of
vortex stretching. These calculations focus on the elongation
of the polymer molecules and make definite predictions
about the statistics of the polymer elongation and its reaction
on the flow field.

Polymers affect decaying two-dimensional turbulence in a
surprising way, as we have demonstrated recently[2]. Their
presence seems to affect the large scales in a significant way:
their amplitude in the energy density spectrum can be re-
duced by an order of magnitude upon addition of minute
amounts of polymer. The small scales, however, were hardly
affected. In contrast, for three-dimensional turbulence, the
results seem to indicate suppression of fluctuations at all
scales[1]. However, the role of the boundaries complicates
the analysis as most of the stretching may occur in the
boundary layer[6].

We carry out a more detailed study here to further explore
the role of the polymers on two-dimensional turbulence. No-
tably, by measuring both the velocity and the vorticity in a
two-dimensional turbulent flow, we find that the polymers
affect both the large scales and the small scales. The pres-
ence of the polymers inhibits the inverse transfers of energy,
which are measured directly here, thereby reducing large-
scale fluctuations of the velocity and the vorticity. A more
subtle effect is evidenced at the small scales where the fluc-
tuations of the enstrophy flux are significantly reduced. The
reduction of these fluctuations is in line with recent simula-
tions showing that the distribution of the Lyapunov expo-
nents of the flow is much narrower in the presence of the

polymer reducing the chaoticity of the flow, in agreement
with these simulations[3].

II. BRIEF SUMMARY OF EXPERIMENTAL RESULTS ON
TURBULENT SOAP FILMS

The experiments use rapidly flowing soap films, where
the turbulence is generated using a horizontal array of
equally spaced cylinders or a combination of horizontal and
vertical grids. The properties of turbulence in such films(for
the horizontal array of cylinders) have been studied at length
and show the presence of an enstrophy cascade and the
growth of the integral scale as expected for decaying two-
dimensional turbulence[7]. When vertical and horizontal
grids are used, two ranges coexist: the first one at large scales
shows an inverse energy cascade with a −5/3 scaling expo-
nent for the energy density, and the second one at smaller
scales shows an enstrophy cascade with a −3 scaling expo-
nent[7–9]. There have been few measurements so far of the
vorticity statistics in these flows[7]. For horizontal grids, the
results of Kellayet al. [10] indicated that the enstrophy spec-
trum scales aseskd,k−2. Riveraet al. [11] found an expo-
nent of 0.4 for the second moment of vorticity increments
versus the incrementr for the same case. Theoretically, the
enstrophy scaling exponent is −1(with logarithmic correc-
tions) while the second moment of vorticity increments
should display, according to recent theory, logarithmic cor-
rections[12]. The absolute value of the enstrophy flux, how-
ever, was found to scale roughly linearly versus the incre-
ment r by Kellay et al. [13] and Riveraet al. [11] as
expected, but the sign of the enstrophy flux was not deter-
mined. The probability density functions(PDFs) of this
flux showed stretched exponential forms[13]. Direct numeri-
cal simulations of a similar flow situation to the above-
cited experiments reproduced most of the features found in
the experiments of Kellay and co-workers[13,14]. Clearly,
the properties of the vorticity statistics in this decaying
two-dimensional turbulence deviate from expectations. Simi-
lar results for the vorticity spectrum were also found by Bru-
neau and Kellay[9] for the case where the two cascades
coexist.

Measurements of the thickness fluctuations, on the other
hand, produced a surprise for the case of decaying turbulence
(horizontal grid alone), as shown by Greffieret al. [15]. In-
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deed, the power spectrum of the thickness fluctuations scales
versus the wave number with an exponent of −5/3 as in the
inverse cascade range, despite the fact that the velocity fluc-
tuations present a scaling consistent with the presence of an
enstrophy cascade. The addition of polymers changed the
thickness fluctuations drastically[2] and the exponent for the
scaling of the thickness power spectrum turned out to be
close to −1, as expected for an enstrophy cascade range and
therefore consistent with the scaling of the velocity fluctua-
tions. Since the polymer significantly reduced the third mo-
ment of velocity differences(which is positive without the
polymer, indicating the presence of an inverse transfer of
energy[7]), it was conjectured[2] that the polymer inhibits
vortex merging, which is responsible for the transfer of en-
ergy upscale.

III. EXPERIMENTAL TECHNIQUES AND RESULTS

The soap films used are vertical with a length of 2 m and
a width of 5 cm. The soap water(1% detergent in water) was
pumped with a small micropump to the top of the channel
(with a V-shaped entrance) made of nylon wires. The veloci-
ties reached in such a channel hover at around 2 m/s with
turbulent intensities that can be as high as 15%. The Rey-
nolds numbers reached are of order 10 000. A schematic of
the experimental setup is shown in Fig. 1. When the polymer
was used, the pump was not used and the soap water was
brought to the top of the channel from a reservoir placed
higher up. The grids used are either horizontal arrays of cyl-
inders or a combination of horizontal and vertical grids(U-
shaped grid). The horizontal grid was composed of seven
equally spaced(7 mm spacing) cylinders 3.5 mm in diameter
[see Fig. 1(a)]. The U-shaped grid had five equally spaced
cylinders(spacing 1 cm) 5 mm in diameter for the horizontal
array and two vertical arrays placed on the side of the chan-
nel with ten cylinders each(spacing 1 cm) of diameter
2 mm. A schematic of this configuration is shown in Fig.
1(b). Unlike the horizontal grid alone, this configuration al-
lows for the injection of the vorticity from the sides of the
channel, as shown in the photograph of Fig. 1(c). Here one
clearly sees intense activity due to the presence of the small
side cylinders. This injection of the vorticity from the sides
allows for the establishment of both an inverse energy cas-
cade and a regime that is consistent with an enstrophy cas-
cade, as shown recently by Bruneau and Kellay[9]. Such a
geometry was explored a few years ago by Rutgers[8], who
argued that the turbulence produced this way is close to a
forced turbulence situation.

The velocity fluctuations are measured using laser Dop-
pler velocimetry. To measure the vorticity statistics, we use
two laser Doppler velocimeters. This technique(the use of
two velocimeters to measure vorticity fluctuations) has been
described in detail elsewhere[7,10] and permits us to record
a time trace of the velocity and the vorticity in a single point.
Since time traces of the velocity or vorticity are taken at a
fixed point in the flow, the Taylor frozen turbulence assump-
tion is used to convert time to length scale:l =V/ f, whereV
is the mean flow velocity andf is the frequency. Results
from previous experimental determinations of the vorticity

FIG. 1. (a) Schematic of the soap film channel.(b) The
U-shaped grid configuration.
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using this technique have been found in excellent agreement
with direct numerical simulations of grid turbulence(a ge-
ometry very similar to the one used here) [9,10,13,14].

The polymer used is polyethyleneoxide(PEO) with a mo-
lecular weight of 43106. At equilibrium, the polymer is in a
coiled state with a well-defined radius of gyration. If per-
turbed, the coil relaxes with a well-defined relaxation time.
This so-called Zimm relaxation time(t,hRg

3/kBT, whereh
is the solvent viscosity,Rg is the radius of gyration,kB is the
Boltzmann constant, andT is the temperature) for this poly-
mer is of order 1 ms as determined from measurements of
the radius of gyration of the polymer in water. While a few
tests were carried out using a higher molecular weight, the
reproducibility of the results was much better with the
smaller molecular weight. Degradation and breaking of the
polymer is the main problem with the high molecular weight.
Note that at the small concentration used here, the viscosity
of the soap solution is hardly affected.

A. Velocity fluctuations and energy transfers

Let us first recall the major results already obtained in our
previous work [2] on the effects of polymers on two-
dimensional turbulence. Figure 2(a) shows the velocity
power spectra, which, in agreement with our previous re-
sults, show a large reduction in amplitude at large scales
when the horizontal grid is used alone. The probability den-
sity functions(PDFs) of the velocity are also narrower with
the polymer, as seen in the inset. The measurements are
taken at 8 cm from the horizontal grid[seven equally spaced
s7 mmd cylinders 3.5 mm in diameter] where the mean ve-
locity was 1.8 m/s and the turbulence intensity was 10%.
For a range of scales between 2 mm and 2 cm, the turbu-
lence is isotropic with a clear scaling seen for both compo-
nents of the velocity. The exponent for both the polymer
solution and the polymer-free solution is about −3.3, close to
(but slightly higher than) the predicted exponent for the en-
strophy cascade range, which is −3. Logarithmic corrections

FIG. 2. Power spectra of the
velocity fluctuations.(a) At a dis-
tance of 8 cm from the horizontal
grid and different polymer con-
centrations [polyethyleneoxide
(PEO) (molecular weight 4M), in
parts per million (ppm) by
weight]; inset: histograms of the
longitudinal velocityU. (b) Ve-
locity power spectra obtained at
different distances from the grid:
The turbulence intensity decreases
as the distance is increased, as
shown in the inset.(c) Velocity
power spectra obtained for two
different flux: The turbulence in-
tensity decreases as the flux is de-
creased, as shown in the inset.(d)
Probability density functions of
the velocity fluctuations with and
without polymer. The solid lines
are fits as indicated in the text.(e)
Velocity power spectra at a dis-
tance of 22 cm from the U-shaped
grid with a horizontal and two
vertical arrays of cylinders
(squares: 0 ppm, circles: 20 ppm).
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to this scaling law are expected theoretically. The velocity
spectra show a reduction in the amplitude of the large scales
and little effects at small scales when the polymer is used.
This effect can be compared to results obtained without a
polymer but for realizations with different turbulent intensi-
ties, as shown in Fig. 2(b). Indeed, when measurements are
taken at different locations, the mean velocity increases as
the distance to the grid increases, while the turbulent inten-
sity decreases. This is shown in the inset to Fig. 2(b). While
the PDFs of the velocity versus distance from the grid show
similar trends to the effect of the polymer, the spectra of the
velocity show a different behavior. As can be seen in Fig.
2(b), the spectral density decreases at all frequencies for a
simple decrease of the turbulent intensity obtained at differ-
ent locations from the grid. For the polymer, only the large
scales are affected and suppressed while the small scales
remain intact. This goes to show that the polymer effect is
nontrivial and not simply related to the injection of less en-
ergy into the system. Similar results are also obtained by
changing the flux at a fixed location. The reduction of the
flux also reduces the turbulent intensity, but the reduction for
the spectra is seen at all frequencies, as seen in Fig. 2(c).
Again, the reduction of the injected energy is not sufficient to
explain the polymer effect. As mentioned in the Introduction,
the nontrivial effect of the polymer can be captured in nu-
merical simulations where the polymer effect is taken into
account through additional stresses in the Navier-Stokes
equations. Another consequence of the polymers is to change
the functional shape of the probability density functions of
the velocity, as seen in Fig. 2(d). The PDFs change from
super-Gaussian to sub-Gaussian, as indicated by the solid
lines, which are fits to the data using the following functional
forms: exps−c1uuu3d and exps−c2uuu1.8d, wherec1 and c2 are
two positive constants. These two functional shapes are in
excellent agreement with the results of Celaniet al. [3] and
Benzi et al. [5].

While the above-mentioned measurements are obtained in
the case of an enstrophy cascade alone, here we also evi-
dence this effect in the case where the two cascades coexist.
To obtain this situation, we used a U-shaped grid with five
cylinders(diameter 5 mm spaced by 1 cm) placed horizon-
tally and two series of vertical grids(ten cylinders of diam-
eter 2 mm and a spacing of 1 cm) on each side of the chan-
nel. This is similar in spirit to the grids introduced by
Rutgers[8] to obtain the coexistence of the two cascades.
Figure 2(e) shows a similar phenomenon in the case where
horizontal and vertical grids are used. In this case, a −5/3
range at large scales for the energy density is clearly seen
without the polymer. The presence of the polymer destroys
this scaling and reduces the amplitude of the spectrum at
large scales, an effect also seen in numerical simulations
[16]. The small scales, however, seem to show no change
and the −3 scaling range stays intact. For both types of grid,
the reduction of the large-scale velocity fluctuations is
clearly seen, indicating that the inverse transfers of energy
from small to large scales are inhibited by the presence of the
polymer.

A more direct test of this is a direct measurement of the
spectral transfer functionTskd whose origin is the nonlinear
term in the Navier-Stokes equations[]Eskd /]t=Tskd

+nk2Eskd, wheren is the kinematic viscosity andEskd is the
energy density function]. An expression for this in two di-
mensions has been calculated by Van Atta[17] and makes
use of the following triple correlation functions:S111srd
=ku2sydusy+rdl andS212srd=kvsydusydvsy+rdl. Hereu is the
longitudinal velocity,v is the transverse velocity, andr is a
spatial increment in the direction of the flow(parallel tou).
These correlations have been evaluated directly from the ve-
locity signals at one point(the Taylor hypothesis being in-
voked). The expression for the transfer function readsTskd
= −2k/p2ek

` e0
`rSi1isrdcossk1rd drfk1dk1/ Îsk1

2−k2dg si =1,2d.
Figure 3 displays theTsKd obtained without polymer and
with a small polymer concentration for the horizontal grid.
One of the main features of theseTskd is the presence of two
bumps: a negative bump at largek and a positive one at
small k. This is the hallmark of two-dimensional turbulence
showing a transfer of energy from small to large scales. The
presence of the polymer affects both bumps whose ampli-
tudes are reduced. For the polymer solution, both bumps
shrink in extent and shift slightly to higher wave numbers for
the positive bump and to lower wave numbers for the nega-
tive one. Basically, the polymer reduces the transfer of en-
ergy upscale, thereby reducing the large-scale fluctuations.
Similar results were obtained for the case where the two
cascades coexist.

B. Vorticity fluctuations and enstrophy flux

In our previous study, no information was obtained on the
vorticity fluctuations. Here we present a study of the statis-
tics of the vorticity and the enstrophy flux. In Figs. 4(a) and
4(b), we show the vorticity power spectrum for the bare soap
film and for a 25 ppm PEO solution(the PEO was mixed
with the soap solution, which consists of 1% commercial
detergent in water; the molecular weight of the polymer was
4 000 000). The vorticity power spectra show a trend similar
to the velocity spectra with a large reduction at large scales
for both the horizontal grid and the combination of horizon-
tal and vertical grids. In the absence of the polymer, the
vorticity power spectrum shows an exponent close to −2, in
agreement with previous experiments and numerical simula-
tions. In the presence of the polymer, the scaling exponent
does not change and comes out to be −2 as well but for a
smaller range. The second-order vorticity structure function

FIG. 3. Transfer functionTskd.
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kdv2srdl also shows a reduction in amplitude for large scales
in the presence of the polymers, as shown in the insets to
Fig. 4. The PDFs of the vorticity increments were also mea-
sured for the two different grids. In both situations(with and
without the polymer), the PDFs have exponential tails at
small enough scales, indicating large deviations from the
mean. The PDFs without the polymer for the horizontal grid
alone become Gaussian at relatively smaller scales than the
case of horizontal and vertical grids. We noticed that the
width of the PDFs changes more rapidly in the absence of
the polymer, which is consistent with the measurements of
the second-order structure function. The polymer seems to
give way to a large range where the vorticity structure func-
tion is roughly constant. Theory predicts that this structure
function should be flat within logarithmic corrections. The
variation of the PDFs withr for the polymer case seems to
be consistent with this prediction.

Another way to examine the effects of the polymer on the
flow field is to study the enstrophy fluxF=dusrddw2srd. For
both types of grid, the first moment ofF starts out roughly
linearly versus the incrementr, as seen in Figs. 5(a) and 5(b),
before going through a maximum and decreases to zero at
largerr. It is only at very small scales that this flux is nega-
tive. The position of the maximum shifts to smaller scales

FIG. 4. Power spectra of vorticity fluctuations.(a) Horizontal
grid (squares: 0 ppm, circles: 25 ppm); inset: second-order vorticity
structure function.(b) Horizontal and vertical grid(squares: 0 ppm,
circles: 20 ppm); inset: second-order vorticity structure function.

FIG. 5. First moment of the enstrophy fluxF vs the incrementr:
(a) horizontal grid,(b) horizontal and vertical grids,(c) vorticity
correlation function at two different distances from the U-shaped
grid, (d) a closeup of the small-scale region for the enstrophy flux
for the U-shaped grid.
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when the polymer is used while the amplitude of the maxi-
mum gets reduced. On the basis of one of the few exact
results on the enstrophy cascade, this moment is supposedly
negative, which is true only at very small scales in our case
and not for the full range where the −3 scaling exponent is
observed. One possibility is that the rate of change of the
vorticity correlation function with distance from the grid
plays a role. One can actually write the first moment ofF and
its relation to the rate of change of the vorticity correlation
function for decaying 2D turbulence, as has been suggested
recently [9], which gives a qualitative explanation for the
shape of the enstrophy flux versus the incrementr. Indeed
this calculation giveskFl=2e0

r d/dtkvs0dvsrdldr. [This ex-
pression reduces to the known resultkFl=−2br if one keeps
just the single point rate of change of the enstrophy
sd/dtkv2l=−bd.] Since the vorticity correlation functions,
taken at different locations and therefore for different times
of evolution, present a decrease at small scales and an in-
crease at larger scales as time increases[see Fig. 5(c)], the
time derivative of the correlation function changes sign from
negative to positive asr increases, just like the measuredkFl.
Figure 5(a) shows a negative part for the horizontal grid at
small scales. Figure 5(d) shows a closeup of the very-small-
scale region where the enstrophy flux is negative for two
different realizations for the U-shaped grid without the poly-
mer; the negative part with the polymer is visible in Fig.
5(b). The crossover from negative to positive flux occurs at
roughly 2–3 mm, just like the crossover observed for the
vorticity correlation functions. This explanation is similar to
the one proposed by Belmonteet al. [7] for the measure-
ments of the third moment of velocity differences in these
turbulent soap films. For these latter measurements, the rate
of change of the velocity correlation function with distance
from the grid (which shows a trend similar to the vorticity
correlation functions versus this distance) was responsible
for the positivity of this third moment. Clearly, the decay of
the turbulence, and therefore the inhomogeneity of the flow
in the longitudinal direction, plays a major role in determin-
ing the sign of the enstrophy flux.

Very recent experiments[18] show that the enstrophy cas-
cade is only weakly forward(i.e., from large to small scales)
with considerable “backscatter”; only at very small scales
(comparable to the range where our measurements also show
a negative flux) did this flux become negative. Our results
seem to be in line with these measurements carried out using
a different technique, namely particle image velocimetry.
Apart from these considerations, the polymer reduces the
amplitude of the enstrophy flux at large scales.

A more notable effect of the addition of the polymer is a
large reduction of the fluctuations of the enstrophy transfer
rate at small scales. The PDFs ofF are double-sided
stretched exponentials for both cases, as seen in Fig. 6(a) and
6(b) for different values of the incrementr in the enstrophy
cascade range. This is in agreement with previous measure-
ments and numerical simulations[13]. Our main result is
that the PDFs ofF / r =dusrddw2srd / r (proportional to the en-
strophy fluxb) have a much narrower width with the poly-
mer for the decaying turbulence[horizontal grid, Fig. 6(a)].
The inhibition of the enstrophy flux fluctuations is in line

with recent simulations of the effects of polymers on 2D
turbulence. These simulations found a reduction in the fluc-
tuations of the Lyapunov exponents of the flow[3]. These
exponents can be identified with the rate of enstrophy trans-
fer b. This reduction gives way to a less chaotic flow. For the
case where the two cascades coexist, the fluctuations ofF / r
are much less violent[Fig. 6(b)]. Here the polymer shows a
very small reduction of these fluctuations. In fact, the effect
of the polymer is more important when the strain rates(the
distribution ofF / r is a measure of the distribution of strain
rates) are comparable to the relaxation time of the polymer.
The polymer used here(PEO, molecular weight of
4 000 000) has an inverse of the Zimm relaxation time close
to 1000 Hz. The valuesb−1/3 observed for the decaying case
can be as large as 800 Hz. When the polymer is used, the
largest values observed are rather close to 400 Hz[Fig. 6(a)].
In the case where the two cascades coexist[Fig. 6(b)], the
largest values do not exceed 200 Hz. That the polymer af-
fects flows with strains comparable to the inverse relaxation
time of the polymer has been anticipated theoretically[4,3],
seen in simulations[3], and evidenced in experiments on
detaching drops of polymer solutions[19]. Our findings are
in agreement with these observations.

IV. CONCLUSION

In conclusion, polymers affect two-dimensional turbu-
lence both at large scales and at small scales. At large scales,
the reduction of the inverse transfers of energy leads to a

FIG. 6. Probability density functions ofF / r for different values
of r: (a) horizontal grid,(b) horizontal and vertical grids.
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reduction of the velocity and the vorticity fluctuations at
these scales. The reduction of the enstrophy flux fluctuations
operates at small scales when the strain rates present are
comparable to the inverse relaxation time of the polymer. We

believe that our results, in combination with the theoretical
work mentioned above, bring the subject of drag reduction, a
long-standing issue, within reach for two-dimensional turbu-
lence.
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